Currently the circle and the sieve methods are the key tools in analytic number theory. In this paper the unifying theme of the two methods is shown to be Ramanujan -Fourier series.
Introduction. The two well known methods in additive number theory are the circle method and the sieve method. The circle method is based on using a generating function (See Section 3) and noting along with Ramanujan and Hardy that the rational points on the circle contribute most and then through estimates showing that the contribution from the other points is small. The other method is the sieve method which looks entirely different and tries to use probabilistic arguments by roughly giving a density of occurrence to multiples of numbers. In this note we show that the Ramanujan -Fourier series unite two different streams of thought, the analytic and the probabilistic.
To explain this in an intuitive way, we consider the twin prime and the related Goldbach problem and break the paper into three parts: psychological, logical and chronological. The psychological part conveys the intuition behind the argument. The logical part displays the techniques needed. The chronological part gives a whiggish(!) history of the subject (as far as we could trace with available resources). 1. Psychological. Let us assume that the primes follow some distribution. Then the twin prime problem would be deducible by studying the autocorrelation function of that distribution. The argument would require that the distribution have a Fourier series.
An autocorrelation function of a process is defined to be the expectation of the product of two random variables obtained by observing the process at different times. The well-known Wiener -Khintchine formula states a relationship between two important characteristics of a random process: the power spectrum of the process and the correlation function of the process [12] . It is used practically to extract hidden periodicities in seemingly random phenomena. The twin prime problem asks whether there are infinitely many prime pairs of the form (p, p + h) and how these pairs are distributed. One immediately notes that this is a problem of finding autocorrelation of primes and hence there should be a corresponding Wiener -Khintchine formula . 2. Logical. We state here the conventional Wiener -Khintchine formula , explain Ramanujan -Fourier series of an arithmetical function and the Wiener -Khintchine formula for an arithmetical function which leads to the conjecture of Hardy and Littlewood on the twin prime problem. We also give the stochastic interpretation of the Riemann zeta-function due to Rota.
The Wiener -Khntchine formula.
The Wiener -Khintchine formula [12] basically says that if
then lim
The left hand side of (2) is called an autocorrelation function. The right hand side is nothing but the power spectrum.
2.2 Ramanujan -Fourier series. The Ramanujan -Fourier series of an arithmetical function a(n) is an expansion of the form
where
and (k, q) denotes the greatest common divisor of k and q. c q (n) is known as the Ramanujan sum and a q 's are called the Ramanujan -Fourier coefficients. The Ramanujan -Fourier coefficient a q 's are evaluated as follows. Denote by M(g) the mean value of an arithmetical function g, that is,
arithmetical function with expansion (3), then
where φ(q) denotes the Euler totient function. Also,
The Ramanujan sum c q (n) satisfies some nice arithmetical properties which are stated below. (i) c q (n) is multiplicative. That is,
(ii) If p is prime, then
where a|b means a divides b and a |b means a does not divide b.
In number theory, it is customary to use the von Mangoldt function Λ(n) in the place of characteristic function of primes where Λ(n) is defined as follows.
The Ramanujan -Fourier expansion for φ(n) n Λ(n) can be obtained using the properties of c q (n) and it is given by
where µ(q) is the Möbius function. Also, for a given integer h,
where p denotes the product over primes.
The proof of (12) follows from the multiplicative properties of µ(q), φ(q) and c q . For a given h, the series on the left hand side of (12) is absolutely convergent and hence has the Euler product expansion
where we have used the property (ii) of c q given by (9) . When h is odd, the infinite product on the right hand side of (13) is 0 and when h is even, it is equal to
which on simplification gives the right hand side of (12).
2.3 The Wiener -Khintchine formula for an arithmetical function. The Wiener -Khintchine formula for an arithmetical function a(n) having the Ramanujan -Fourier series (3) can be stated as follows.
(15) holds for those arithmetical functions whose Ramanujan -Fourier series are absolutely and uniformly convergent. But the Ramanujan -Fourier series for φ(n) n Λ(n) does not belong to this class of functions. However, if we assume the truth of the theorem in the most general case, it would give the formula conjectured by Hardy and Littlewood [9] which we now state.
There are infinitely many prime pairs p, p + h for every even integer h and if π h (N) denotes the number of prime pairs less than N, then
where C(h) is given by (12) .
The Wiener -Khintchine formula for
Let
Then (17) implies that
The terms of the sum on the left hand side of (17) are non zero if and only if both Λ(n) and Λ(n + h) are prime powers, say p k and q l respectively, for primes p and q. Passing from (20) to (16) is a standard exercise in number theory. See [6] .
We now give the strong numerical evidence based on computerized calculations which indicate the plausibility of the Wiener -Khintchine formula [6] . For h = 2, 4 and 6, the formula (20) gives
Since C(4) = C(2) and C(6) = 2C(2), there should be approximately equal numbers of prime power pairs differing by 2 and by 4, but about twice as many differing by 6. We have given below the actual values of Ψ(h, N) and also the ratio C(h)/ Ψ(h, N) N (fourth column) for h = 2, 4 and 6 and N upto 10 6 . We have used the value of C(2) = 2 p>2 1 − 1 (p − 1) 2 ∼ 1.320323632 to compute the ratio. 2.4 Stochastic interpretation of Rota. In this section we point out the fact that Rota's stochastic interpretation of the Riemann -zeta function [19] , [1] is based on profinite characters. We will see that Rota considers the group C ∞ of rational numbers modulo 1 and crucially bases his arguments (given below) on C * ∞ , the group of characters of C ∞ . Both Ramanujan and Rota are using the same tool as e 2πi k q n of Ramanujan is a concrete realization of the characters of the profinite group of Rota. It seems that Rota did not notice the Ramanujan connection. As Sieve methods [7] are based on probabilistic considerations, the circle and the sieve methods are linked through the ideas of Rota and Ramanujan.
Consider A a subset of positive integers N , then the arithmetic density is defined as
whenever the limit exists. It is immediately obvious that the dens(N )=1 and
where A p is the set of multiples of p. For technical reasons (lack of countable additivity) the right way to go about it is to choose a number s > 1 define the measure of a positive integer n to be 1 n s . Then it turns out that the measure of N is equal to ζ(s) = ∞ n=1 1 n s . Hence a countably additive measure P s on the set N defined as
Further the fundamental property
can be checked and lim s→1 P s (A) = dens(A). That is, the arithmetic density though not a probability is the limit of probabilities.
Rota then gives a combinatorial twist to the problem. He considers a cyclic group C r of order r. Every character χ of the group C r has a kernel which is a subgroup of C r . Further every sequence χ 1 , ..., χ s of characters of C r has a joint kernel which is a subgroup of C r . By a joint kernel of a sequence of characters we mean the intersection of their kernels. Suppose one were to choose a sequence of s characters independently and randomly and ask the question: what is the probability that the joint kernel is a certain subgroup C n of C r ? It can be seen that with probability 1 n the kernel of a randomly chosen character will contain the subgroup C n as there are r characters of the group C r and r n such characters will vanish on C n . So the probability of the joint kernel will contain C n is 1 n s . Let P Cn denote the probability that the joint kernel of characters shall be C n . It follows that 1
is based on the fact that the partially ordered set of subgroups of a cyclic group C r and the partially ordered set of the divisors of r are isomorphic. Next using Möbius inversion and change of variable d = nj it follows that
The variable j ranges over a subset of divisors of r. If the sum ranged over all positive integers j we would get the probabilistic interpretation
This is done by replacing the finite cyclic group C n by a profinite cyclic group. Take the group C ∞ of rational numbers modulo 1. For every positive integer n the group C ∞ has unique finite subgroup C n of order n. The character group C * ∞ of C ∞ is a compact group, and the Haar measure is a probability measure. The group C * ∞ is the desired profinite group. Mimicking the argument made earlier it can be seen that
and by Möbius inversion
The characters of C ∞ are given by e 2πi k q n and so one immediately observes that the connection between C * ∞ of Rota and the Ramanujan -Fourier expansion. 3. Chronological. In this section we will re-analyze the circle method and extract from it the essence which leads to great simplification and an intuitive understanding of the issues involved. We will also give the historical roots of probabilistic ideas in Hardy's work. The two streams will merge because of Rota's profinite characters being related to Ramanujan -Fourier series.
3.1 Meaning of the circle method. We begin by retracing what we feel should have been the train of thought of Hardy, Littlewood and Ramanujan, as far as it is possible, from their published researches. The first problem to be attacked by the circle method was the partition problem. As is well known, this reduces to understanding the generating function
The key observation that led to the development of the circle method was that p(n) could be written as
where C is the circle |z| = r and r < 1. [10] , [11] have pointed out the almost periodic nature of the Ramanujan-Fourier expansions. See also [13] and [20] .
In the mean time, Hardy and Littlewood realised that their singular series could be evaluated because it was actually a Ramanujan -Fourier expansion. To do this, Hardy used the techniques he had developed in one of his most important papers [8] in which he stressed the multiplicative nature of c q (n) ( (8) and (9)) which enabled him to get closed form formula for the singular series. Using the properties of c q Hardy also obtained a RamanujanFourier expansion of φ(n) n Λ(n) given by (11) . As historical aside, we would like to remark that clues of RamanujanFourier expansion playing an important role in additive number theoretic problems are available in the work of Glaisher [9] in which a simple minded partial fraction expansion yields this.
where ω and ω 2 denote the two complex cube roots of unity. If
then r(n) = (n + 3)
Over the last half century, several refinements have been made in attacking additive number theory problems. In the circle method, as applied by Hardy and Littlewood to the Goldbach problem, strong hypotheses regarding primes in arithmetic progressions have to be made. However, ultimately what is got is a main term in the formula which is given in terms of the Ramanujan -Fourier series and an error term. The hard part is to control the error term. At this point, we would like to indicate what we consider the line that Ramanujan would have taken had he not lost interest in the Ramanujan -Fourier expansion.
H. Wilf [21] remarks that "A generating function is a clothesline on which we hang up a sequence of numbers for display". But is a clothesline necessary, that is, do we need a generating function at all? Rather than considering the generating function and then applying the circle method which yields a Ramanujan -Fourier expansion, can we not directly get the answer? What should be done is a clean shave with Occam's Razor.
Consider a typical additive number theory problem. We would begin with a subset A of positive integers and let a(n) denote its characteristic function. If the problem is to find out r(n) which is the number of ways n can be written as a sum of k elements of the set A, we would extract the n th coefficient of ( a(n)x n ) k . This corresponds to taking the k-fold convolution. In other words,
All the analysis carried out over the past few years finally leads to an approximate formula for this convolution.
If a(n) has the Ramanujan -Fourier expansion (3), then
This formula is immediately understandable as the usual relationship between the convolution and multiplication which exists for Fourier series. The combinatorial factor which appears is due to the fact that for almost periodic functions [2] only approximate formulae exist and this combinatorial factor is necessary there. The reason why the rational points dominate is simply because of the fact that the a(n) have Ramanujan -Fourier expansions which give rise to the simple poles at all the rational points on the unit circle. For,
For example, for the Goldbach problem, it is known that φ(n)Λ(n) n has a
Ramanujan -Fourier expansion (11) . It is this µ(q) φ(q) which is got by using the properties of primes in arithmetic progressions in the circle method. Hence if an approximate formula for convolution can be proved rigorously, the Goldbach problem can be solved. In other methods there are many sources of error and the methods do not tell us why things work. Further they involve many hypotheses. Hence a return to the ideas of Ramanujan seems to be absolutely necessary to clarify and simplify the circle method. Let us now look at the Goldbach conjecture more closely. If r(n) denotes the number of ways n = 2m can be expressed as a sum of two primes, then from (11) and (36),
where C(n) is given by (12) . This formula was conjectured by Hardy and Littlewood. But Sylvester was the first mathematician to suggest an asymptotic formula for r(n). He conjectured that
where π(n) denotes the number of primes up to n and the product extends over all odd primes p ≤ n and p |n. There is no evidence in the literature as to how he arrived at this formula. We know by prime number theorem that
and by Merten's formula
where γ is Euler's constant. This shows that
where the product runs over all odd primes. Thus
One may call this as 'Sylvester's formula'. This formula is clearly wrong. It is right in its most important terms, but the constant 4Ae −γ is not correct and the correct formula should just have 2A as the constant factor. However, the sieve argument used by Merlin and Brun gives an asymptotic formula similar to the one in given by (46) which is given below. Here  one forms the table  1,  2,  3 ,
Probabilistic Interpretation of the Goldbach conjecture.
where n is an even number and the table read 
1. In a paper on time-series analysis [5] , A. Einstein has discussed the autocorrelation function and its relationship to the spectral content of a time series many years before Wiener and Khintchine.
2. It is well known that Hardy had true antipathy to probability theory.
In [4] Diaconis shows that despite his antipathy, Hardy contributed significantly to modern probability. "His work with Ramanujan begat probabilistic number theory. His work on Tauberian theorems and divergent series has probabilistic proofs and interpretations. Finally Hardy spaces are a central ingredient in stochastic calculus." He refers to Hardy's work with Littlewood on the Goldbach and prime k-tuples conjecture as an instance of his insightful probabilistic thinking. "Hardy's papers give a sophisticated development of conjectured asymptotics which suggest that at least one of the authors was quite familiar with probabilistic heuristics. .... Hardy refers to what I would call probabilistic reasoning as a priori judgment of common sense in his expository account (Hardy (1922, page 2) ."
Thus the two streams of thought of Hardy one, the heuristic probabilistic (sieve) versus the other, the rigorous analytic (circle) are merged into one stream via Ramanujan -Fourier series. Conclusion: Ontological and epistemological. The reader might have noticed that though there is no proof in the strict mathematical sense of the word, there is convincing calculation which shows the plausibility of the conjecture. The philosophy of this paper is what Roddam Narasimha [15] calls computational positivism. Here we have a model for the primes s behaving like random variables and based on this model a numerical calculation is carried out which agrees with "experimental" data. This is the typical method used repeatedly in physics where one guesses a model and carries out a numerical calculation. Both the circle method and the sieve method lead to Ramanujan -Fourier series. In the circle method, poles occurring at rational points lead to Ramanujan -Fourier series. In the sieve method, the profinite group characters give the right density on the integers. These two methods are therefore linked through Ramanujan -Fourier series. Dedication. It is a pleasure to write an article in honour of Professor K.
